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Figure 1: Our method accelerates rendering of challenging scenes with highly-contributing sparse geometry, such as in this scene with falling
snowflakes illuminated from the LiGHTHOUSE’s spotlight, and rendered from a thin-lens camera. Path tracing (top right) struggles at finding
the small contributing flakes even at very large sample counts. In contrast, our method (bottom left) finds three-vertex paths, by sampling
vertices in the geometry based on the throughput, which allows to drastically reduce variance in a fraction of time.

Abstract

Robust next-event estimation (NEE) remains a challenge in scenes characterized by sparse or small-scale geometry where
indirect illumination is the primary transport mechanism. In these scenes, traditional path construction, which relies on local
directional sampling, often fails to find intersections with the sparse geometry, and standard NEE also struggles as it typically
connects vertices directly to emitters, failing when those connections are occluded or require intermediate bounces. We propose a
novel approach that constructs paths via direct geometry sampling. Instead of relying on stochastic ray casting, we repurpose the
scene’s bounding volume hierarchy (BVH) as a hierarchical sampling structure. By performing a stochastic top-down traversal,
we transform the selection of the next path vertex into a hierarchical problem. To prioritize high-throughput connections,
the traversal is guided by a proxy contribution function evaluated at each internal node. This function leverages aggregated
statistics of the geometry contained in the BVH nodes to efficiently estimate contribution during traversal. We demonstrate
orders of magnitude improvements in complex scenarios such as indirect illumination from sparse geometry or rendering
discrete scattering media.
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1. Introduction

Monte Carlo rendering techniques typically compute light trans-
port within a scene by stochastically sampling paths that connect
light sources and sensors. The efficiency of these methods relies
on the ability to sample paths with high throughput, which is usu-
ally done via importance sampling some angular direction at each
vertex. A fundamental assumption in these techniques is that the
scene geometry is sufficiently dense or large-scale such that sam-
pled directions have a reasonable probability of finding the relevant
surfaces. However, this assumption fails in scenes characterized by
sparse or small-scale geometry, which are relatively common in
the real world: Discrete media such as falling snow or suspended
dust, trees or foliage, highly-detailed specular geometry... In such
environments, the projected solid angle of relevant geometry from
the light sources or eye-path vertices tends to be very small, and
therefore, the probability of stochastically reaching this geometry is
very low, leading to excessive variance.

Standard next-event estimation (NEE) also struggles in these
cases, as it is generally limited to direct connections between ver-
tices and emitters, failing when those connections are occluded or
require intermediate scattering events. Even global techniques like
path guiding [MGN17], that rely on learned global radiance to sam-
ple local directions, suffer in these environments for two reasons: On
one hand these path-guiding methods rely on an initial exploration
phase to compute radiance distributions; if the initial paths cannot
randomly find the sparse geometry, the learning process lacks the
bootstrap data required to converge. Furthermore, the angular and
spatial resolutions of the guiding structures are also often limited,
so even if the sampled direction is approximately correct, it might
happen that the sampled paths do not intersect the geometry.

In this paper, we tackle the sampling of paths in these challenging
setups. In particular, we focus on sampling an additional intermedi-
ate vertex to connect two points at the end of the eye and light sub-
paths, respectively, so that sampling is approximately proportional
to the path throughput. We propose hierarchical geometry sampling,
a novel approach where instead of randomly sampling paths in the
hope of finding surfaces, we leverage the scene’s bounding volume
hierarchy (BVH) to sample vertices directly on the geometry. This
hierarchical sampling is guided by a practical importance function
that allows to explicitly find and connect high-throughput vertices
that would be difficult to find via directional sampling. This trans-
forms the computation of the path’s next vertex into a hierarchical
selection problem. Our practical importance function is based on
pre-computed aggregated statistics of the geometry that approxi-
mate the expected light behavior in the scene.

We use this throughput-based geometry sample to, instead of de-
terministically connecting a sensor path vertex and a light source
through direct next-event estimation, connect them through an ad-
ditional vertex importance sampled from the geometry of the scene.
We call our approach one-more-vertex next-event estimation. We
demonstrate our technique in scenes with very complex geometry
and light paths, that are very difficult to sample even with path guid-
ing given their high-frequency nature in the directional domain, in-
cluding discrete media. Despite the overhead introduced by our tech-
nique, we get dramatic speed ups in these types of scenes. Moreover,
by setting the eye vertex in the sensor, we demonstrate our technique

for rendering volumetric discrete media with suspended particles,
which allows us to render complex distributed effects (Figure 1)
orders of magnitude faster than path tracing. We will publish our
code for the research community in our project website: https: //
graphics.unizar.es/projects/OneMoreVertex26/.

2. Related work

Next-event estimation. Standard next-event estimation (NEE) con-
nects path vertices directly to an emitter, but fails when the connec-
tion must traverse intermediate specular interfaces or scattering sur-
faces. Extended-NEE techniques address this by inserting additional
vertices along the connection subpath. Walter et al. [WZHB09] and
Holzschuch [Holl5] found additional vertices over refractive sur-
faces in the context of computing single scattering in bounded me-
dia. Koerner et al. [KNK*16] placed an intermediate vertex inside
the medium to directly satisfy refraction laws during subsurface
scattering with refractive boundaries. More generally, manifold-
based NEE [HDF15; GH24; ZGJ20] use manifold walks constraints
to close-to-delta surfaces to find specular-chain connection to the
light. In this context, Loubet et al. [LZHJ20] approaches manifold
NEE similar to us, using a hierarchical structure traversed at render
time. While their approach focuses on specular NEE and relies on
a dedicated pre-rendering tracing pass to bound per-triangle caus-
tic footprints, our method derives node statistics directly from the
scene geometry and materials.

In the context of bidirectional methods, Su et al. [SLY*24] build
length-two subpaths with a proxy-based importance function, op-
timizing the final path construction in bidirectional path tracing.
In the context of transient rendering, Jarabo et al. [JMM*14] and
Pediredla et al. [PVG19] added an extra vertex for ellipsoidal NEE
connections to gain explicit control on the path length, in media and
surfaces respectively.

Extra vertices for next-event estimation are common in partici-
pating media, where the position of these vertices have more de-
grees of freedom than in surfaces. This idea has been widely used
in the context of neutron transport [Kal63; KC77]. In graphics,
Kulla and Fajardo [KF11] sampled along the view ray based on
the squared-distance with respect to the light source. Georgiev et
al. [GKH*13] jointly sampled low-order volumetric scattering sub-
paths, accounting simultaneously for phase functions and inverse-
square geometric terms along two-bounce subpaths, and Weber et
al. [WHD17] extended this to arbitrarily many intermediate ver-
tices in dense, forward-scattering media. Closer to us, Hanika et
al. [HWD?22] jointly importance sampled the phase function and
the two inverse-square distance terms of an additional scattering
event in thin, forward-scattering volumes. More recently, Schiissler
et al. [SHD24] generated connection subpaths of arbitrary vertex
count by first sampling phase functions and then jointly impor-
tance sampling all edge distances via analytic marginalization over
a global scale factor.

Our method shares the extended-NEE philosophy of inserting
intermediate vertices between subpaths, but targets sparse-geometry
scenes where we importance-sample the intermediate vertex directly
on scene geometry via hierarchical traversal.
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Rendering sparse geometry. Rendering sparse small geometry,
such as glints in surfaces or particles in discrete media, is com-
plex, due to the inherent difficulty of hitting contributing primitives
[2ZX*22]. In the context of glinty surfaces, Yan et al. [YHJ*14;
YHMRI16] fitted directional and spatio-directional distributions for
finding contributing normals from high-resolution normal maps.
Follow up work accelerated this approach using tensor decompo-
sition [DLW*22] or regularization [FWW#*22]. Instead of explicit
normal maps, Jakob et al. [JHY*14] used a procedural approach
for generating the discrete microfacet surface, which was later ex-
tended to iridescence [GCGP18], transparent surfaces [ZWWH25],
and to allow fast global illumination [WWHI18]. In the context of
discrete media, several works [MWMO07; MPH*15; MPG*16] ac-
celerate high-order scattering in dense particulate media by using
homogeneized continuous statistical bulk optical properties, while
for sparser media Guo et al. [GHC*22] preserve the medium dis-
creteness by intersecting point-based scatterers using beam tracing.
In contrast, we tackle explicit geometry and sample it based on the
estimated contribution of the full three-vertex path.

Auxiliary structures for sampling. Several works have ex-
plored auxiliary data structures that improve sampling. Deng et
al. [DHC*21] represented light transport as a graph whose edges
connect surface clusters, using graph-based operations to discover
high-energy connections. Closer to our approach, Tokuyoshi and
Harada [TH19] leveraged the BVH to perform hierarchical Russian
roulette for vertex connections in bidirectional methods, culling low-
contributing connections. Bitterli et al. [BNJ15] proposed to use ex-
plicit portals to account for visibility in environment map sampling.
The challenge of sampling geometric features that are nearly impos-
sible to find through hemispherical sampling also arises in differen-
tiable rendering, where gradient computation requires integrating
over boundary (silhouette) edges of the scene geometry [LADLI1S;
ZMY*20]. Our work addresses a related problem by sampling the
explicit geometry, but finding the most contributing vertices. In the
context of many-lights evaluation and sampling, the seminal work
by Walter et al. [WFA*05] introduced a hierarchical approach that
clusters lights into a tree and uses a conservative error bound to
prune nodes. Recent techniques extend this to stochastic sampling
using BVH traversal [CK18; LY20], two-level hierarchies [MPC19]
or BRDF-aware sampling of many-lights [LXY19]. We follow a
similar approach, but focusing on three-vertex paths instead of di-
rect subpath connections via NEE, which requires storing geometry
statistics instead of light statistics.

Path guiding. Path guiding techniques learn an approxima-
tion of the incident radiance field during rendering and use it
to inform direction sampling at each path vertex. Several ap-
proaches have been proposed, including fitting mixture mod-
els [VKS*14; DPOM?22], hierarchical grids [MGN17], neu-
ral networks [MMR*19; RMW#*25], voxel-based guiding struc-
tures [LCHL24], and screen-space parametric mixtures [Der22].
Instead of storing the radiance distribution for sampling, which re-
quires a cache phase to build the distribution function, we directly
sample an additional vertex with probability approximately pro-
portional to the path throughput by using an auxiliary hierarchical
structure.

© 2026 Eurographics - The European Association
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Figure 2: Standard next-event estimation connects sensor vertex
Xs directly to an emitter vertex Xe. In scenes where Xs is mostly
illuminated through an indirect light from the scene geometry G,
that direct connection has low to zero contribution (red dashed line).
Our technique tackles this by importance-sampling an intermediate
vertex Xp on the scene geometry G. This allows us to efficiently
sample high-throughput indirect paths (green) where the geometry
acts as the primary source of reflected illumination for Xs. Note
that our approach accounts for the case where Xs is on the sensor
X5 = X(.

3. Problem statement

Integral formulation. We formulate our problem as an integral in
area measure over all the three-vertex paths that connect a vertex on
the light source X, and a vertex on the sensor path X;, through an
intermediate vertex X, that lies within the geometry of the scene G,
which is our integration domain:

L(xs<—>xe):/gf(xs<—>xn 5 xe) dA (%), M

where f(Xs <> Xn <> Xe) is the measurement contribution function
of the three-vertex subpath (Figure 2), defined as

f(Xs < Xn < Xe) =f5n-Gson Vson 2)

: fS—>l’l—>€ : Gn<—>e ° VI’H—>€ ° Se—>n7

where fs_s, s is the BSDF at x,, with incident and outgoing direc-

tions ﬁ and gf::”l respectively, Se—yp is the radiance emitted
n S e n

from x, to X, and fy_, is a directional importance function at xg
to X,,, which is the sensor’s importance fs—., = Wy, if X; is on the

sensor, or the scattering function at Xy, fs—, = f;_ 1, otherwise.

cos0;; - cosB;;
xi—x;[2 >

and visibility terms respectively, where cos6; ; is the cosine of the

Finally, G and Vi, ; are the geometric Gi¢yj =

Xj—X;
[x;—x;[ "

angle between the surface normal at x; and the direction

Problem. We aim to solve Equation (1) via a Monte Carlo estima-
tor with low variance. For that, our goal is to importance sample
the intermediate vertex x, with a probability distribution function
(PDF) p(xn|xXs,Xe) that is as proportional as possible to the contri-
bution f(xs <+ X, <> X¢) as defined by Equation (2). Formally, we
can define our north-star PDF as

F(Xs <> Xp <> Xe)
fg F(Xs > Xn <> Xe ) dA(Xp)’

3

P(Xn[Xs,Xe) =

which cannot be computed in practice, since the denominator is
precisely the function we are trying to solve. Also, Xs and X, vary
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across sampled paths, so the PDF cannot be practically precom-
puted. Nevertheless, both vertices are known prior to sampling X;:
Xs is known from the sensor path and x, is obtained by first selecting
a light source uniformly and then drawing a point uniformly over
its surface area (Section 5).

Overview. In this work we assume that the scene geometry is made
of surface primitives small enough so that points x; inside a prim-
itive P € G have similar contribution f(Xs <> X, > X¢). This is
common in modern 3D scenes, where geometries are heavily tes-
sellated. Therefore, the most dominant factor of p(x|xs,X,) is the
selection of the primitive. However, stochastically computing the
PDF of each primitive is itself impractical, with cost O(N). To make
the problem tractable, we devise a hierarchical structure for all the
primitives of the scene (Figure 3(a)), in which each node contains
aggregated information of all contained primitives (Figure 3(b)).
As we traverse the tree, we use the aggregated information to es-
timate a probability distribution per-node as a function of x5 and
X¢, which we use to randomly select which node we will continue
evaluating in the hierarchy recursively (Figure 3(c)). This allows us
to efficiently compute a reasonably accurate probability distribution
per primitive in render-time with logarithmic cost.

4. Hierarchical One-more-vertex Sampling
4.1. Hierarchical sampling

In order to compute our PDF for Equation (1), we first decompose
Equation (3) as the product of two terms

p(X”|X~V?X€):p(P|XSvX€)'p(x”|PvX37X€)a (4)

where P € G is a primitive so that x, € P, and p(P|xy,X.) and
p(Xn|P,Xs,Xe) are the probability of sampling the primitive P and
the conditional probability of sampling x, in P, defined as

_ Jpf(Xs & Xn > Xe) dA(Xn)
 Ypreg Jpr f(Xs € Xn ¢ Xe) dA(Xn)
_ f(XS — Xp & Xe)

= f'Pf(XS < Xp & Xg)dA(Xn)7

where Uprcg = G, and thus [ f(Xs <> X <> Xe) dA(Xn) =
Ypreg Jpr [ (Xs < Xn 4> Xe) dA(xn).

Sampling the primitive P directly from Equation (5) requires
computing a tabulated PDF for each primitive, which is impracti-
cal since it is dependent of each pair of arbitrary vertices X;,Xe.
Instead, inspired by scalable many-lights techniques [WFA*05;
CK18; LY20], we opt for a hierarchical approach, where we group
the individual primitives in aggregated nodes A. The top node N
contains all geometry in the scene, and as we move down the struc-
ture each node contains smaller subsets. This way, the geometry set
g,-d in a node Md at depth d, is subdivided in the node’s children
/\/j‘,‘“rl as U e nre gj.’“ = G¢. Bach node has an importance weight

w(N? x;, %) defined as

w('/\/id7x$,xf)= Z / f(Xs < Xp > Xe)dA(Xn).  (T)
Pregi’

p(PIxs,Xe) &)

P(Xn|7D7XS7Xe) (6)

With that hierarchical structure, we pose sampling P as a stochas-
tic traversal of the structure (Figure 3), so that when we are at ./\/,-d,

we decide which of their children AN*! we should recurse with
probability (note that the probability is also dependent on x5 and
Xe)

d+1
PN A = W<NJ ’X‘”Xe> _
j i)= =
Zkede(NfH,xs,xg)

w (A )
w (V% xe)
®)

which is simply a discrete PDF. As a consequence of our sampling
scheme, the probability of sampling X, is the product of all child-
selection probabilities along the root-to-leaf traversal path N =
{No,--.,Meat} until we get a primitive P, and the probability of
sampling point X, within the sampled primitive, which leads to a
PDF

[N
pllese) = (TTPONG 1AT-1)) -5 | gxex). - 9
=1

By expanding its terms is easy to verify that Equation (9) results in
Equation (4). Unfortunately, computing p(/\/’]‘.j+1 | V¥ is far from
practical, since it requires iterating over all primitives within each
node. In the following, we define the importance weight w(\, X, X, )
of each node probabilistically, which eventually allows us to quickly
compute it from the statistics of the primitives within the node.

4.2. Statistical node contribution

As described above, an exact expression for the node importance
weight in Equation (7) is nevertheless untractable, so we aim to
obtain a reasonably good approximation to it from a set of compact
per-node statistics that can be precalculated.

For that, instead of posing the integral in the manifold defined by
G, let us rewrite the contribution in terms of probability distribu-
tions describing x;, following:

W(/\/,Xs,xe):/V\V/S/B’\’D(xn)-D(n\xn)-D(B|xn) (10)

: fS—)ﬂ : GS(—)I’I : ‘/S<—>l’l

fs—n—e - Gnere - Vnre - Se—n dB dn dxp,

where D(x,) is the spatial distribution of surface positions within
the node’s volume V,, D(n|x;) is the distribution of geometric nor-
mals over the unit sphere S conditioned on position, and D(B|xx)
is the distribution of material parameters over the space of mate-
rial parameters B,, again conditioned on position. Note that D(x;)
corresponds to a manifold of the surface within the volume of the
node, and D(n|x,) and D(B|x,) correspond to delta manifolds fol-
lowing D(n|x;) = 8(n —ny,) and D(B|x,) = 8(B — Px, ), with nx,
and Px, the normal and material parameters at x,. However, similar
to microfacet models or other level-of-detail techniques, we later
use approximated distributions to make it practical.

Separated integral form. To make Equation (10) tractable, we
expand the geometric terms and rearrange the factors that depend
only on the position of x;, separating them from the ones that depend

© 2026 Eurographics - The European Association
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Figure 3: Hierarchical One-more-vertex-Sampling Overview. (a) We wish to importance sample high-throughput three-vertex subpaths
between vertices Xs, Xe. Our method is based on a hierarchical structure of the scene primitives that (b) aggregates its directional, spatial, and
material statistics (represented by the gray sectors) at each node. The statistics computation is done bottom-up by aggregating the subnodes’
statistics. (c) These statistics enable to guide the hierarchical sampling of the intermediate vertex Xn by evaluating the approximated per-node
weight importance W(N',Xs,X.) (represented by the yellow bars) for each node’s children and choosing one proportionally to its weight.

on the material properties and surface normal:

w(N,Xs,Xe) = (11

where (removed function parameters for clarity)

D(Xn) -f5—n - cos By, - cos ee,n “Se—n

Wsp =

/ D(Xn) -f5—n - cos es,n “Vsesn - Vinese - cOs ee,n Se—sn
% [Xs — Xn|2[Xn — Xe|?

ge

spatial

/S/B D(n|x,) - D(B|xn) - cos 0,5 - cosOpe - fs—sn—se dPdndx,.

normal and BSDF

The outer integral captures the magnitudes that only depend on
vertex position X, which are the spatial distribution, the inverse-
square falloff and the contribution from the external vertices xy and
X, with their corresponding cosines. The two inner integrals corre-
spond to the two material components, which are more challenging
to aggregate within a node’s properties, since all its components
depend on the surface normal and material properties. In the fol-
lowing, we use Equation (11) to derive a practical approximated
importance weight of a node, that is computationally cheap, based
on aggregated properties and distributions at the node.

|XS - Xn‘2|Xn - Xe|2

I

Walir = Wlie + Wic
= // D(B)-D(n)-cosBys - cosOe 1,0 dp dn
s/B,

+/S/B D(B)-D(n)-cosBps-cosBpe-fy_yn e dP dn

where the normal and material terms are independent from the
spatial domain.

Spatial representation. We simplify the spatial distribution inside
the node by using a 3D Gaussian so D(x,) = Gauss(X | u, Xx),
with mean u, and covariance X, plus the aggregated total surface
area Az of the primitives inside \V.

Directional representation. The distribution of geometric nor-

mals within the node is represented as a single-lobe von Mises-
Fisher (vMF) distribution D(n) = vMF(n|y,,%,), with mean di-

4.3. A practical node importance weight

Here we focus on approximating Equation (11) to compute a prac-
tical per-node importance weight w(A/, Xy, X,) by introducing a set
of simplifications and specific distribution functions and material
model. We first assume that inside the node the spatial, direc-
tional and material statistics are fully decorrelated. We also define
an upper bound for visibility, and set Vi, = 1 and Ve = 1,
which is a strong assumption, but allows avoiding expensive vis-
ibility computations. Finally, following the work of Zhou et al.
[ZHR*25], we assume that we use a simplified Principled BSDF-
like scattering function fs—,— ¢, which allows us to separate be-
tween diffuse f‘gﬁﬂﬁe and specular f§_,,_,, components. These
assumptions simplify Equation (11) to an approximated weight
W(N, Xs,Xe) & w(N,Xg, X ) With the form

W(N7anxe) = /v WSp(Xn’stxL’)'Wdir(xmx.hxe) dxn, (12)

© 2026 Eurographics - The European Association
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rection y, and concentration parameter ;. A high concentration
indicates that the primitives share nearly aligned normals; a low
concentration indicates a wide angular spread.

Material representation. For the material parameters we opt for
a simple approach, and assume that D(3) = (B — Bs) is simply
a delta function centered at the weighted average of the material
parameters inside the node Byr = [g . B(Xn) dA(xXn).

Diffuse component. We assume a Lambertian BSDF with form

e =(1 —B’")-%C, (13)

where B¢ and B are the albedo and metallic-ness, respectively.
Since fﬁl_,n_w depends only on B¢ and B we can separate the
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material integral from the normal integral
C
W :/ D(B)-(1—p")- %dﬁ-/D(n) -c0S0p,5 - c0sOpe dn
B, N
= pd . /D(n) 080 -c0os 0,0 dn, (14)
N

where p¢ = [, D(B)(1—B")- Eap ~ (1 — B3 B, Since o de-
pends only on precomputed material properties, this expression gets
reduced to a cosine-weighted integral of the geometric normal dis-
tribution D(n) represented by a vMF. This integral depends only on
four scalars parameters: The elevation angles for directions X, —X;
and x,—X, relative to u,, 65 and 6, respectively, the relative az-
imuthal difference ¢ between x,—X; and X,—X., and the vVMF
concentration k. We precompute the inner integral and fit a poly-
nomial P of degree four, which we measured to be 20% faster than
a LUT, with no noticeable increase in error. This leads to a final
diffuse importance weight ngr = p4- P(65,0,,0,%).

Specular component. The Principled BSDF [BWI12] uses a
microfacet-based specular term with the form

~ _ Dggx(@y|o,n) - G(we, o]0, n)
s—n—ye = (15
4-c0s0y,5-cos0pe
-(B" - F(0op, 05:B) + (1= B™) - F (wp, 053 BY)),
with B* € [0, 1] the specular value, ®; = ﬁ and @, = |§::i:|
the input and output directions and o, = @“ig“'l their half-vector.

The terms Dggx (0|0, n) and G(®e, ®s|ct) are the GGX normal
distribution function (NDF) parametrized by its roughness o and
the Smith shadowing-masking term, respectively, both defined in
the local space of the normal n. F (@, @y;r) is the Schlick Fresnel
approximation [Sch94].

Unlike the diffuse component, the specular component couples
the geometric normal n with the half vector @, through the mi-
crofacet NDF Dggx (wy|ot) and the material properties. Plugging
the specular model into W, applying the distribution of material
properties, and simplifying terms we get

~ d
W?lir = Ps—n—e /SD(n) ‘Dgex ((Dh‘a'./\/'an) (16)
-G(e, 0slotnr,m) - Hyy - Hy o d,

where HXT” (and similarly H,:f ) 1s the Heaviside function that eval-
uates zero if dot(®s,n) < 0 and one otherwise, that appears after
canceling the clamped cosines of the BSDF, o.r is the node’s mean
roughness, and the aggregate specular albedo is

P snse = §[(1=Fe(@p,04)) - R+ Fe(wp,00)], (17

with R = BR, - By + (1—BAr) - By and Fe(wy,5) is Schlick’s
power-of-five Fresnel approximation. B}, is the area-weighted ag-
gregated specularity of the node N. R depends only on material
parameters so we precalculate it per node.

The integral still couples the geometric-normal distribution D(n)
with the microfacet NDF Dggx (@p,|0tar,n). To find an analytical
approximation we introduce three assumptions. First, we remove
the Heaviside functions: While this might overestimate the contri-
bution from back-facing normals, our experiments have shown a

minor effect on the node’s probability function. Second, since the
shadowing-masking term varies slowly, we assume it is constant
over the integral domain and center it with respect to the distribu-
tion mean direction u,,. Finally, we approximate the GGX microfacet
distribution to a vVMF lobe with equivalent concentration K, derived
from the mean roughness & [WRG*09].

With all these changes, we approximate W, as

Wihir A P n e - Ge, 05]0L 1,) ‘/SD(H) - Dgox (@p|0ps,m) dn.
(18)

The remaining integral is the convolution between D(n) and
Dggx (@p|oear,n), which when represented as vMF distributions
can be approximated as another vMF centered in y,, and with con-
centration defined as the harmonic mean of the geometric (k) and
material (k;;) concentrations [IDN12]:

Kn - Km
Kn‘i’Km7

Kconv = 19)

which results in a final specular weight wg;, defined as
Wiiir & pgﬁnﬁs -G (e, 5|0, i) - VMF(@y, |1, Keonv )- (20)

Final node importance weight. By plugging our approximated
ngr and Wwg;, in Equation (12) we have removed the inner integral,
but the outer spatial integral still remains. Since this integral does
not have a closed-form solution, we approximate it by evaluating
the product Wsp(Xn,Xs,Xe) - Wdir(Xn, X5, Xe) at set of sample points
x;,. This gives us a final approximated node importance weight

WN X5, Xe) = 21
1 1y Fsnr €080 €080, - Sespr
— ) D(xp)- — . :
G M e M

~d ~S
: (Wdir(Xvai’HX@) + WZlir(Xs, Xlllaxf))v

with C = Yy D(x},) the normalization factor. In practice, we

instantiate the spatial distribution as a 3D Gaussian D(x),) =
Gauss(X) |tx, Zx) (Section 4.3), which admits to be evaluated at
a deterministic set of points, as it will be detailed in Section 5.
Also, we add a small defensive value to the importance weight of
each node; this guarantees that the support of our hierarchical PDF
is never zero for a non-zero node. Since W(N,X;,X.) is a spectral
(RGB) quantity, due to the colored albedo and emitter radiance, we
convert it to luminance when computing the traversal probabilities
(Equation (8)).

5. Implementation

We have implemented our technique in Mitsuba 0.6 [Jak10]. In
particular, we have extended two integrators: When X; is on the
sensor (it is the first vertex of the path, possibly sampled for a
thin-lens camera) we extend the particle tracer and use our one-
more-vertex next-event estimation on the direct connection from
the camera (at X5) towards the emitter (at X.) through an interaction
on the geometry (X,). This allows using our technique to sample
complex high-detail details, such as glints or discrete media.

For the case where x; corresponds to a path vertex, we have
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Evaluation-time Statistic Raw Statistic
Spatial

Area Aps An =LA
Mean u, = s /An sy = LA
Covariance Iy = (sx/AN) — bt sy =Y AiM;
Directional

Direction g, = sn/||sal| sn = LAM;
Concentration k, = A;l(Hs,, [|/AN)

Material

Albedo B4 = sc/An se = Y ABf
Metallic-ness By, = sm/An sm= Y;AiB}
Specularity B\, = s5/Anr ss = Y AiB]
Microfacet Concentration K, = 2A 7 /sa Sa = ):AiOC,2

Convolved Concentration Keom = KnKm/(Kn + Km)

Table 1: Summary of the node statistics used in Equation (21) and
its computation from the raw statistics from its children. Due to the
associative property of the addition, the raw statistics are additively
composable (the addition of the children nodes equals the addition
of all primitives in both nodes), which allows for constant-time
bottom-up computation. For each primitive P, the spatial terms
xf and M; are its centroid and uncentered second moment matrix,
and 1; is the first moment of its normals. The function Az(x) =
cothk — 1/x maps the normalized area-weighted normal sum to the
vMF concentration [Jak12].

extended the path tracer integrator. Vertices X; are generated from
sampling the BSDF (or the pixel area) from the previous vertex.
Similar to traditional next-event estimation, we apply our technique
at every vertex Xy of the path, generating one indirect connection
towards the light source.

In all cases x, is sampled by first selecting a light source uniformly
and then sampling a point uniformly over its surface area. We apply
multiple importance sampling (MIS) between the three-vertex paths
X5 > Xn <> X, generated with our technique, and the same three-
vertex paths generated by sampling the BSDF at x;, tracing a ray
that finds x,, and then applying a deterministic next-event estimation
connection from X; to Xe.

Hierarchical structure. We use a binary bounding volume hier-
archy (BVH) as the structure performing our stochastic top-down
traversal. The bounding volume at each node N is an axis-aligned
bounding-box. For each node, we store the aggregated statistics.
Note that to avoid very deep trees, we stop the tree construction at
a given depth, and thus leaf nodes store several primitives; for leaf
nodes, we store the list of primitives that belong to that particular
node.

BVH Construction. We build our BVH using three-dimensional
spatial subdivision of the primitives, using a standard surface-area
heuristic that minimizes the combined bounding volume of children
nodes. We build our BVH top to bottom. Note that, even if in our
implementation we create a new BVH, we could directly precalcu-
late the node properties in the standard ray-intersection BVH, using
it both for intersections and sampling.

After construction, we compute each node’s statistics bottom-

up by aggregating the statistics of its subnodes (or primitives, in
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the case of leaf nodes). We initialize leaf nodes by computing raw
statistics for each primitive P contained in the node, and inner nodes
by aggregating the statistics from their children subnodes. These
raw statistics are additively composable: Their value at any node
equals the sum of its children values, so that their aggregation from
the children becomes a simple element-wise addition. However, to
allow this additive composition, the raw statistics cannot be used
directly, and need to be normalized by the node’s total area at
evaluation time. A summary of the raw statistics computed at build-
time, and how they are normalized during evaluation, can be found
on Table 1.

Sampling the node importance spatial domain. During render-
ing, we evaluate the per-node importance (Equation (21)) at points
x;, from the 3D Gaussian representation of the node D(x]) =
Gauss (X, |ux, Xy ), computed via the unscented transform [JUO4],
which yields 2d+1 = 7 sample points: One on the mean of the dis-
tribution u, and two points along each principal axis of the Gaussian
at X, = p, + /Ay v, with A and vy the eigenvalues and eigenvec-
tors of Xx. When the node subtends a solid angle below a given
threshold as seen from x; or x,, we reduce the evaluation to a single
point at the mean u,, avoiding redundant computation for distant
nodes. In our tests, we define this threshold to 0.1 sr (see Section
6.4).

The evaluation points X, and the parameters gy, A, Vi are pre-
computed per-node at BVH construction, but the evaluation of the
node importance weight Wyg;, is done at render time since it depends
on render-time values X, and X,.

Sampling leaf nodes When reaching a leaf node, we resort to
importance sampling a primitive within the node proportional to its
surface area within the leaf node. This changes the final probability
of the sampled point X,, so that p(Xu|MNeaf, Xs,Xe) = Algalf. This
deviates from our gold-standard PDF (3) slightly, but for small-
enough primitives the hierarchical PDF computed by traversing the
tree is good enough. For that, we first sample a primitive within a
leaf node proportionally to their area, and then sample uniformly
the surface of the triangle.

To sample a primitive in a leaf node, we use an alias table [KP79]
built during the preprocess, which encodes the discrete probability
of each primitive within the node, as described by Pharr et al.
[PTH23]. This allows sampling in constant time O(1), versus the
commonly used search-based discrete sampling. In practice, the
alias table uses eight bytes per primitive (one integer and one float),
independently of the depth of the BVH. The memory footprint is
usually reasonable to allow O(1) sampling within any leaf node.
For example, in our most complex scene (Asteroids, with around
eight million triangles), this results in under 62 MB of additional
memory.

6. Evaluation
6.1. Accuracy of aggregated importance weight

Here we analyze the accuracy of our approximated per-node ag-
gregated importance weight, described in Equation (21), calculated
in constant time from each node’s statistics, with a ground truth
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Figure 4: Visualization of the importance function of Equation (2)
(measured for two set query points Xs and X.) for different depths
of the BVH in a simple scene consisting on a few floating directly
lit quads (right). Left: visualization of the importance per node of
depths 8-2 (1 omitted for space). The top row shows the ground truth
function, computed by Monte Carlo integration of a high number
of area samples. The bottom row is our approximation, using the
aggregated statistics. Right: we show the total variation distance of
our approximation to the ground truth distribution, computed for
each of the depths of the BVH.

importance weight, computed by Monte Carlo integration of Equa-
tion (7) via area samples. We fix the two vertex positions Xy and
X, to the same values in both cases. Figure 4 shows the result of
this experiment qualitatively and quantitatively by measuring the
total variation distance of the two sets of weights at each depth.
Our approximation has higher accuracy at greater depths (closest
to the leaves), where the nodes contain fewer primitives, so their
distributions are simple, and upper tree levels, when the number
of primitives per node is high enough that our aggregated statistics
capture the general statistics of the scene. However, it is at interme-
diate depths where our approximation deviates the most. At these
depths, the intra-node distributions are harder to fit (being farther
from the leaves but not yet low frequency). Still, as we later show,
this deviation is not meaningful enough to yield a poor sample
distribution in our experiments.

6.2. Ablation study

Our approximated importance weight, described by Equation (21),
has several components that take into account different magnitudes
that affect the final contribution of the three-vertex path. Its formu-
lation is based on the idea of approximating the ideal importance,
Equation (7), as much as possible, while being cheap to compute
because it is based on per-node aggregated statistics. In this section,
we analyze the relevance of each of these components.

In our first experiment, we render several scenes while deactivat-
ing different components of the approximated importance weight.
We analyze the convergence of the render with respect to the num-
ber of samples per pixel. In this case, we focus on diffuse materials
so that the specular component has no effect. The components that

we eliminate are represented in the following equation:

no_gaussian

W(N, Xs,Xe) = C Z Gauss (X, |uy, Zx) (22)
X,
no_bsdf no_Le no_vmf

fy_sns - COS es,n’ Cos ee,n/ “Sesn' T4 /
: : 'Wdir(XS7Xn7X€)1

%5 —xu[? X — Xe|?
where no_gaussian indicates that we only evaluate for a single
position (the centroid of the spatial distribution), while no_bsdf,
no_Le and no_vmf disable those factors by making them 1. The
results of this experiment can be seen in three scenes in Figure 5.
Our full model (ours) includes all components, and we also include
in the ablation the removal of all components except the squared
distance to the nodes (all_ablation).

As expected, removing all components (all_ablation) produces
the worst convergence of all the alternatives, while being still better
than pure path tracing because it still ensures that an intermediate
vertex X, is found within the geometry. The experiment also shows
that the spatial distribution (no_gaussian) is the most relevant com-
ponent: when omitted the error increases noticeably, indicating that
the intra-node geometric variation is essential. Disabling the diffuse
component (no_vmf) effectively ignores the angular distribution
and its effect. It also diminishes the convergence, except on the case
of the VEAcH scene: as the floating facets on top are randomly ori-
ented, the directional distribution of normals is completely uniform,
so ignoring it does not provide a practical advantage. The effect of
omitting the components from either vertex (no_Le and no_bsdf)
is highly scene-dependent: in some scenes its omission either be-
comes irrelevant (no_Le in AsteroipsFArRLIGHT and VEACH) or
even improves convergence (no_bsdf in ASTEROIDSCLOSELIGHT)
while performing worse in other setups. In contrast, we find that our
full expression for importance weight (ours) yields the most robust
results across all tested scenarios.

Specular component. Our importance weight also includes a spec-
ular term that has been omitted in our previous experiment. Figure 6
shows that in a directly-lit scene with low-roughness quads, the spec-
ular approximation helps to guide intermediate samples x, towards
more important nodes, reducing variance. The specular term is most
beneficial for scenes where direct lighting is dominated by sharp
highlights; in highly diffuse environments, it provides marginal or
negligible benefit. Thus, it could be selectively enabled, though we
include it by default for robustness.

6.3. Tree construction and storage cost

We analyze the storage cost of our method in the ASTEROIDS scenes
(composed of 8M triangles). Building our hierarchical structure
(BVH) takes 2.9s, slightly faster than Mitsuba’s kD-tree construc-
tion (3.6s). It introduces an storage penalty of around 200MB for a
16-depth BVH, with storage determined by two main factors: Each
scene primitive requires an additional 20B for the alias tables and
indices necessary for importance sampling and PDF evaluations,
while each internal node allocates 296B to store our aggregated spa-
tial, directional, and material statistics (i.e., Gaussian, VMF, surface
area, and material properties). Usually, the number of primitives
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Figure 5: Ablation study in three different scenes. Some components, such as the spatial distribution (no_gaussian) or the VMF integration
(no_vmf) have a large impact on the correlation of our function to the true PDF (and thus increase variance more when removed). As we can
see, in some cases it seems beneficial to ignore some of the factors in our proxy contribution function, such as the intersected BSDF in the
AsteroipsCLOSELIGHT scene (middle), or the emitter in the VEAcH scene (bottom). Our full function is however more general, being always

one of the two best performing ones.
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2 SPP=64 |13 SPP=64| 16!
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-
diffuse
specular
uniform

Relative MSE
=
=)

21 2 22 27 2
Samples per pixel (SPP)

Figure 6: Left: Roughly equal time (2s) comparison between using
only the diffuse (diffuse) or also the specular component (specular)
in our proxy contribution function in a scene with specular quads of
low roughness (o0 = 0.01). Right: convergence plot of the techniques
in this scene. The specular component adds some computational
overhead, but increases convergence in this type of scenes.

dominates the node count, with a 16-depth BVH containing at most
131k nodes, and therefore the total memory overhead scales effi-
ciently (§8M x 20B + 131k x 296 B = 198 MB), making it practical
for modern rendering systems.

6.4. Parameter sensitivity

Our sampling technique only depends on two parameters that affect
the trade-off between accuracy and efficiency. The first one is the
number of primitives per leaf node, which is directly related to
the depth of the BVH. In Figure 7 we analyze the convergence
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w.r.t. the depth of the BVH (between 10 and 23 levels) on the
AsTEROIDSFARLIGHT, which has 7.8 million triangles and would
require 23 BVH levels to obtain single-triangle leaf nodes. Smaller
leaf nodes (larger depths) show a faster convergence w.r.t. spp,
indicating a better accuracy on our importance weight. However,
larger depths also involve more time for the traversal of the BVH.
The analysis shows that the optimal depth for this scene is around
16, which involves several hundreds of primitives per leaf node.

We also analyze the solid angle threshold for which we only
evaluate the importance of a single point (centroid) of the spatial
distribution, which also presents a trade-off between accuracy and
efficiency. A threshold of 0.1 steradians improves performance with
negligible variance increase, which indicates that the spatial vari-
ation of far nodes has little effect. Thresholds above one steradian
significantly degrade performance, which is consistent with our ab-
lation analysis (Section 6.2).

6.5. Applicability

Our technique targets scenes with sparse geometry, incurring an
extra sampling cost amortized by the drastic reduction in variance
for these types of scenes. We explore our method’s performance with
respect to solid angle density of the geometry, as well as the number
of triangles, to gain insights into the limits where our method is
applicable. In Figure 8, we approximate a hemispherical dome by
subdividing a half icosahedron between 10 to 100 times (1 to 100k
triangles) and randomly removing triangles to keep a varying area
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Figure 7: Variance and time tradeoff of two parameters, measured
in the AsteroipSFARLIGHT scene. Top: maximum depth of the BVH.
Increasing it reduces variance, as shown in the top left, but with
diminishing returns when the BVH has enough resolution for the
geometry of the scene. Adding further levels only increases the cost
(top right). Bottom: the gaussian solid angle threshold delimits the
solid angle to treat the gaussian of the node as a point. A threshold
of around 0.1 sr (red) improves performance for a similar variance
to the baseline (0 sr, orange); thresholds above one sr (purple)
significantly degrade performance.

ratio of the covered hemisphere (0.01 to 0.9). We collocate the
measurement point and the light source xs = x) in the center of the
hemisphere, where the light source is a wide spotlight that only
illuminates the half icosahedron. We measure the irradiance at Xg
both by our method (10 spp) and path tracing at equal sample counts
and rendering times.

As the sparsity decreases (area ratio increases), the probability
of conventional directional sampling hitting a triangle grows. This
makes path tracing improve for denser regimes, being the worst in
intermediate sparse regimes (around 0.05 to 0.1) due to sporadic
intersections. Reversely, in denser environments, our diffuse and
spatial statistical approximations deviate more from the target PDF,
increasing the error for the same number of samples. This makes our
method no longer competitive at equal time beyond an area ratio
of 0.25. The total number of geometric primitives has a negligible
effect on our method’s error, as both techniques scale similarly with
the number of subdivisions.

7. Results
7.1. Comparison

We evaluate our technique on two variants of the ASTEROIDS scene,
which contains approximately eight million diffuse triangles of high
albedo, sparsely distributed to create challenging indirect light-
ing scenarios. We compare our full method against path tracing
(PT), bidirectional path tracing (BDPT), and practical path guiding
(PPG) [MGN17].

When illuminated by a distant light source (Figure 9), the light’s
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solid angle is effectively uniform across the scene. In this case,
standard path tracing fails in the indirectly illuminated parts be-
cause using material sampling at the vertex path rarely intersects the
sparsely lit geometry, since high-importance directions have small
solid angles relative to the full hemisphere. Practical Path Guiding
inherits this weakness, relying on path tracing for incoming radi-
ance exploration, and delays the discovery of the few lit surfaces.
Bidirectional Path Tracing also struggles as the sparse geometry is
also difficult to find from the light paths sampled from the distant
light. Our technique converges faster since it is able to both sample
an intermediate vertex on the geometry, and guide them towards
high-throughput regions without having to explore the full scene.
This advantage is clearest at low sample counts.

When the light source is positioned close to the scene, directly
illuminating only a subset of asteroids (Figure 10), both Path Tracing
and Practical Path Guiding still suffer since the lit geometry is still
difficult to find. However, now Bidirectional Path Tracing behaves
better since the light emission profile is more concentrated and
is able to find the sparse geometry more easily. Even with that,
our method remains competitive, as our hierarchical BVH traversal
directly targets high-albedo regions without waiting for path-space
sampling. This is again especially visible at low sample counts. As
sample count increases, bidirectional path tracing catches up and
our relative advantage diminishes.

7.2. Discrete media

We evaluate our technique also for direct light, where the vertex x;
is on the sensor. As stated in Section 5, in this case we resort to
a particle tracer integrator. We render sparse subpixel-sized parti-
cles positioned over all the scene and directly illuminated by the
spotlight of a lighthouse (LicHTHOUSE scene). This scene creates an
extreme sparsity problem for path tracing, since each camera ray has
a very low probability of intersecting individual particles, making
discovery through camera ray tracing prohibitively expensive. In
Figure 11 we show an equal time comparison of the path tracer and
our method in this scene, rendered with a perspective sensor. The
path tracer is unable to find most snowflakes. With a thin-lens cam-
era (Figure 1), the difference becomes dramatic, since the possibility
of finding the paths is even smaller and path tracing remains noisy
at 100k spp (36 minutes), while our method converges significantly
faster (2k spp, 105 s).

8. Discussion

In this paper, we have presented a sampling technique, that we name
one-more-vertex next-event estimation. This technique connects a
path vertex to a light source through an indirect interaction in a
new sampled vertex. The position of this vertex is sampled from the
whole geometry of the scene by exploring a hierarchical structure
(a BVH). This is particularly beneficial for connections in which
the projected solid angle of the geometry towards both vertices
(path and light source) is small, which is the case in scenes which
are dominated by sparse geometry, and therefore hard to find from
BSDF (or emitter) sampling. In those types of scenes, we have
shown clear faster convergence than other algorithms. When the
path vertex corresponds to the sensor itself, our sampling technique
provides efficient glint rendering.
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Figure 8: Analysis of our technique as a function of the sparsity of the scene. We use an hemispherical dome around the light and sensor
points X; = Xg, tessellated with increasing subdivisions, and varying the sparsity as a function of the area ratio by discarding triangles. Left:
2D schematic and render of the setup, where measurement point and the light source are collocated at Xs in the center of the hemisphere.
We measure the irradiance reaching xs computed using our method (blue) and path tracing (PT) at equal sample counts (green) and
rendering times (orange). Middle: Our technique (blue) reduces relative MSE at both equal samples (green) and equal time (orange) in sparse
environments, and it is always better than PT in term of sample count, though as the sparseness decreases (area ratio > 0.25) the cost of our
technique does not pay off, since PT is able to find contributing samples. Right: The relative error is independent of the number of triangles,

which increases cost in a similar way for standard PT and ours.
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Figure 9: AsteroipsFARLIGHT comparison. Qualitative results and relMSE convergence for equal samples (top) and roughly equal time
(bottom). The convergence of PT and BDPT are nearly identical, since it is equally unlikely for light tracing and material sampling to find
a high-importance lit surface. Practical Path Guiding converges quickly in the long term, but still needs many samples to train its guiding
structure. Our method finds length-2 connections even at low sample counts (top).

Performance Overhead Our method incurs a one-time precompu-
tation cost (BVH construction and statistics aggregation, compara-
ble to the construction of the ray-intersection kD-Tree of Mitsuba),
as discussed in Section 6.3, and a per-sample sampling cost. The
per-sample cost is governed by the stochastic BVH traversal: at each
of the D levels, the importance weight W is evaluated for both child
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nodes, yielding 2D weight evaluations per sample. For a BVH over
N primitives, the depth is D = [log, (N)], unless it is bounded (Sec-
tion 6.4). When MIS is enabled, a second full traversal is required to
evaluate the PDF of the BSDF-sampled path, so the total per-sample
cost becomes #(D) =2-D-2-t, = 4Dt,, where 1, is the time to
evaluate a single node’s importance weight. In our ASTEROIDS scene
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Figure 10: AsteroipsCLoSELIGHT is a variation of the same asteroids scene with the light source in the middle, illuminating only a few of the
asteroids. This scene is much more challenging for the path tracer, and Practical Path Guiding takes more time to fit its distribution. Light
tracing techniques like BDPT converge quickly, since the paths started at the light source are very likely to find a high-throughput surface.
Our technique still converges faster. Rows show qualitative results and relMSE convergence for equal samples (top) and roughly equal time

(bottom).
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Figure 11: LigurHOUSE scene, featuring a strong spotlight illu-
minating a snow storm. With our particle tracer integrator, our
technique effectively guides the light paths to the snowflakes, and
connects the camera. With a perspective sensor, this scene is chal-
lenging for a path tracer, which is usually unable to find most
illuminated snowflakes. Our technique is able to find most of them
in equal time.

(D = 20), this yields a per-sample cost approximately twice that of
standard path tracing, as empirically explored in Figure 7. Nonethe-
less, this overhead is outweighed by the drastic variance reduction
in sparse scenes. Performance could be further optimized by reduc-
ing the frequency of weight evaluations, for instance by applying

heuristics to skip subtrees similar to Lightcuts [WFA*05], or by uti-
lizing cheaper importance weight evaluations through resampling.
Notably, this has already been done for many-lights hierarchical
sampling [CLH24], a field from which we draw inspiration.

Dense scenes. Our method targets scenarios where conventional
path construction struggles to discover the high-throughput paths
that come from small solid angle regions related to sparse small ge-
ometry. The associated performance overhead is justified, as these
paths are difficult to sample otherwise. However, this overhead be-
comes unjustifiable in dense scenes, which are not the main focus
of our approach, where traditional algorithms already perform well.
In addition to the analysis in Section 6.5, we show this trade-off for
indirect illumination in a CorNELL Box (Figure 12). The geometry
is not sparse enough to benefit from our guided sampling, and the
increased per-sample cost means we perform worse in wall-clock
time. In such scenes, geometry is readily discovered through ma-
terial sampling, and the cost of our method outweighs its benefit.
Still, we achieve lower variance per sample than path tracing for
indirect light, since we explore indirect paths better (although at
increased cost). This suggests a practical hybrid approach: detect
geometric sparsity heuristically (e.g., via BVH statistics), and acti-
vate our technique selectively. We leave this optimization to future
work.
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Figure 12: Comparison of two-bounce indirect illumination in the CorRNELL Box, where walls are subdivided into 100 quadrilateral primitives
each. We show faster convergence w.r.t. the number of samples per pixel, even if the geometry is very dense. However, the temporal cost of
the traversal does not compensate this increase in convergence. Left and Right: Qualitative comparison at equal samples and approximately
equal time, respectively. Middle top: Relative MSE with respect to samples per pixel, the 8 spp mark corresponds to the renders to the left.

Middle bottom: Relative MSE with respect to render time.

Specular connections. We have focused our results on scenes
where the challenge of the connection comes from the sparsity
of the geometry. Nevertheless, there are other types of challenging
three-vertex connections, such as those in which the connection
occurs on a smooth specular surface. Our expression for impor-
tance weight accounts for specular contributions, as we show in
Figure 6, so our technique could be applied to those as well. How-
ever, in our current implementation, the BVH is constructed from
the spatial dimensions, which works optimally for minimizing the
spatial spread of each node, but yields larger angular distributions
which are suboptimal for detecting very narrow specular peaks at
lower tree depths. An interesting avenue for future work would be
to explore other hierarchical constructions that also account for the
angular dimensions of the distribution of geometry, so that narrow
specular connections would be more easily found.

Bidirectional extensions. In our approach, one of the two vertices
from which we sample the intermediate one always belongs to a light
source. However, our technique could also be applied with a vertex
on the light path of a bidirectional technique, such as bidirectional
path tracing or virtual point lights, enabling complex bidirectional
connections that would allow, for instance, the rendering of glints
generated by caustics interacting with sparse geometry.

Alternative importance weight expressions. Our proposed node
importance weight, described by Equation (21), is an approximation
of the expected contribution within the node, as described by Equa-
tion (7). Our methodology would also be practical in other contexts.
By changing our target probability distribution to a different do-
main and devising the adequate per-node statistics to approximate
it, we would provide new geometry-based importance sampling
routines for challenging connections. This could be useful in the
context of transient rendering, where optimal sampling routines
along the temporal domain often require searching for vertices in

© 2026 Eurographics - The European Association
for Computer Graphics and John Wiley & Sons Ltd.

the geometry [PVG19; RGMJ22]. Also, in differentiable rendering,
by following our approach, we could target not the most important
connections but the connections that provide a larger effect on the
derivatives, accelerating convergence in that domain. We hope this
inspires future research.
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